
CSCI 0220 Discrete Structures and Probability Klivans

Recitation 4

Induction and Algorithms

Review

We will review the template for an inductive proof.

For example, say we are trying to prove that
∑n

i=0 i = n(n+1)
2

is true for all n ∈ N.

1. Define the predicate P (n).

Let P (n) be the predicate that
∑n

i=0 i = n(n+1)
2

.

2. Show that the base case is true.

We will first show P (0) is true.
∑0

i=0 i = 0 and 0(0+1)
2

= 0 so they are equal as
needed.

3. Assume the inductive hypothesis is true. If you are using stardard induction
then you will assume P (k) is true for some integer k. If you are using strong
induction then you will assume P (i) is true for all i ≤ k.

Assume P (k) is true for some integer k.

4. Show that P (k + 1) is true given the inductive hypothesis.

We will now show that
∑k+1

i=0 i = (k+1)(k+2)
2

.

We know that
∑k+1

i=0 i =
(∑k

i=0 i
)

+ (k + 1).

By our inductive hypothesis
∑k

i=0 i = k(k+1)
2

.

Therefore

k+1∑
i=0

i =

(
k∑

i=0

i

)
+ (k + 1)

=
k(k + 1)

2
+ (k + 1)

=
k(k + 1) + 2(k + 1)

2

=
(k + 1)(k + 2)

2

as needed.
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Warm-up

a. Prove by induction that for all positive integers n, there exists a positive
integer m such that:

m2 ≤ n < (m + 1)2

Hint: The inductive step may contain two cases.

2



b. Prove by contradiction that there exists a unique such m.

Checkpoint - Call a TA over
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Section Lesson - Algorithms

Why does induction work?

You can think of induction as a ladder. We want to prove that we can reach every
step of the ladder.

The base case says that we can reach the first step of the ladder.

The inductive hypothesis says that we can get to the kth step of the ladder.

The inductive step says that if we can get to the kth step of the ladder, then we can
get to step k + 1.

Therefore, once we get to step 1, we can get to step 2. Once we get to step 2, we
can get to step 3. And so on for all steps of the ladder.

Induction for algorithms

Induction can also be used to prove the correctness of algorithms. An algorithm is
simply a series of steps.

Consider the following SORT algorithm which operates on a list of length n.

1. If n = 1 do nothing as the list is already sorted.

2. Find the smallest element in the list and remove it.

3. Run the SORT algorithm on the remaining n− 1 elements.

4. Put the smallest element at the begining of the list.

We can now prove that SORT correctly sorts a list of size n for n ≥ 1.

Base case: SORT does nothing on a list of size 1, which is already sorted.

Inductive hypothesis: Assume SORT correctly sorts a list of size k.

Inductive step: We will now show that SORT correctly sorts a list of size k + 1.
In step 3, we are left with a list of size k. By our inductive hypothesis, SORT
correctly sorts this sublist. Therefore, when we put the smallest element (which we
have removed) at the begining, our list is completely sorted as needed.

Your turn.

Given a stack of pancakes, you can stick your spatula in between any two
pancakes, and flip the stack of pancakes above the spatula upside-down.
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Find an algorithm to sort n pancakes from largest to smallest, using at
most 2n flips. Prove it is correct.

Checkpoint - Call a TA over
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Consider the following inductive proof

Claim: All n people in the room have the same eye color.

Proof. Base case: When n = 1 clearly everyone in the room has the same eye color
as there is only one person in the room.

Inductive Hypothesis: Assume that in a room of k people, everyone in the room has
the same eye color.

Inductive Step: We will now show that in a room of k + 1 people everyone has the
same eye color.

We know from our inductive step that the first k people in the room have the same
eye color, and that the last k people in the room have the same eye color. Since
there is some overlap between the first k people and the last k people, everyone in
the room must have the same eye color.

Can you find the flaw in this proof?
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Challlenge 1: 100 dragons are sitting in a circle so that every dragon can see every
other dragon.

Every dragon has green eyes, but the dragons don’t know this. No dragon knows its
own eye color, and the dragons cannot talk.

Ben comes and tells the circle of dragons that at least one of them has green eyes.

If a dragon knows it has green eyes, it will turn into a human at midnight.

Prove that on night 100, all dragons will turn into humans at once.

Hint: Use induction! What is the base case? Ignore the number 100 and instead
consider n dragons and show they turn into humans on the nth night.

Challenge 2: We say that an infinite set S is countable if there exists a bijection
from N to S. Giventhat N×N is countable, prove by induction that Nk is countable
where k ∈ N.
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